Abstract. We study the isospin symmetry breaking and mass splittings of the eight lowest-lying baryons. We consider three kinds of baryon mass terms, including the bare mass term, the electromagnetic terms and the spontaneous chiral symmetry breaking terms. We include the mixing term between flavor-octet and flavor-decuplet baryons. This assumes that the lowest-lying Σ and Ξ baryons contain a few decuplet components and so are not purely flavor-octet. We achieve a good fitting that the difference between every fitted mass and its experimental value is less than 0.2 MeV.
Introduction
Isospin symmetry breaking in mass splittings of the lowest-lying flavor-octet baryons is of fundamental importance [1, 2] . Lots of efforts and many methods have been devoted to study it, such as the chiral perturbation theory (χPT) [3, 4] , the chiral soliton model [5, 6] , the Cottingham's sum rule [7] , the QCD sum rule [8, 9, 10, 11, 12] , the Dashen's theorem [13, 14, 15] and the Skyrme Model [16, 17] , etc.. Isospin symmetry breaking originates from two different sources: electromagnetic (EM) self-energies and the current quark mass differences. Moreover, due to their influences, the quark condensates are also different, i.e., ūu = d d = ss , and so the SU (3) L ⊗ SU (3) R chiral symmetry and the isospin symmetry are both explicitly and spontaneously broken in a dissymmetric way. In general we can separate baryon masses into hadronic and electromagnetic parts, which are contributed by QCD and electromagnetic effects, respectively. In recent years, lattice QCD is developing very fast and several lattice groups have determined these two contributions [18, 19, 20, 3, 21, 22, 23, 24, 25, 26, 27, 28, 29] (reviewed in Refs. [31, 30, 32] ).
In this paper we shall study the isospin symmetry breaking and mass splittings of the eight lowest-lying baryons. We assume that their masses originate from three different sources: the bare mass term, the electromagnetic terms and the spontaneous chiral symmetry breaking terms. Particularly, we shall use group theoretical methods to study the spontaneous chiral symmetry breaking terms [33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45] . Using this method we have studied local and non-local three-quark baryon fields, and found there are five chiral multiplets [46, 47, 48, 49] : Usually the eight lowest-lying baryons are considered to be "purely" flavor-octet. However, it might be possible that flavor-octet and flavor-decuplet baryons can mix through their common [(6, 3) ⊕ (3, 6)] chiral components, and so they are not pure any more. For example, the lowest-lying Σ(1193) baryons can mix with the higher Σ baryons having the same quantum numbers J P = 1/2 + . Several candidates are Σ(1660), Σ(1770) and Σ(1880), which may contain flavor-decuplet components. We note that the [(6, 3) ⊕ (3, 6)] chiral multiplet is important to explain the experimental value of the axial charge g A = 1.267 [50, 51] . In this paper we assume the mixing of flavor-octet and flavor-decuplet baryons can contribute to flavor-octet baryon masses. To study this effect, we shall use the chiral invariant LagrangiansBM B obtained in Refs. [52, 53] , whereB and B denote baryon fields, and M denotes meson fields. However, these Lagrangians contain too many parameters to be solvable, and so we shall first use them to obtain flavor-singlet Lagrangians and then obtain the spontaneous chiral symmetry breaking mass terms. By assuming this mixing the lowest-lying Σ and Ξ baryons contain a few decuplet components and so are not purely flavor-octet. Although these contributions may be quite small, they can still be important, because masses of the lowest-lying flavor-octet baryons have been measured so accurately nowadays. We note that flavor-singlet and flavor-octet baryons can also mix through their common [(3, 3)⊕ (3,3)] chiral components, which we shall not study in this paper [54] .
This paper is organized as follows. In Sec. 2 we transform from chiral-singlet Lagrangians to flavor-singlet ones. In Sec. 3 we introduce the formulae used to calculate the eight lowest-lying baryon masses. We consider three kinds of terms: the bare mass term, the electromagnetic terms and the spontaneous chiral symmetry breaking terms. The spontaneous chiral symmetry breaking terms are discussed in Sec. 3.1 and Sec. 3.2, other terms are discussed in Sec. 3.3, and their summation is shown in Sec. 3.4. In Sec. 4 we use these formulae to perform numerical analyses and do the fitting. Sec. 5 is a summary.
From Chiral-Singlet Lagrangians to Flavor-Singlet Lagrangians
The chiral invariant LagrangiansBM B have been obtained in Refs. [52, 53] , whereB and B denote baryon fields, and M denotes meson fields. However, they contain too many parameters to be solvable. Therefore, in this section we transform from these chiral-singlet Lagrangians to flavor-singlet ones, which will be used to calculate the spontaneous chiral symmetry breaking terms in the next section.
In Refs. [46, 47, 48, 49] we use group theoretical methods to study local and non-local three-quark baryon fields, and found there are five chiral multiplets:
as well as their mirror partners. We note that only non-local three-quark baryon fields can belong to the [(1, 1)] chiral multiplet [47, 48, 49] . Because the chiral symmetry is broken, these five multiplets do not actually exist. These chiral multiplets mix and compose the physical flavor-singlet (Λ), flavor-octet (N ) and flavor-decuplet (∆) baryons, and then compose our real world:
We use the [(6, 3) ⊕ (3, 6)] chiral multiplet as an example to show how to obtain flavor-singlet Lagrangians from chiral-singlet ones. The chiral-singlet Lagrangian has been obtained in Ref. [52] :
where a, b = 1 · · · 18, c = 0 · · · 8, g (18) is the coupling constant and σ c + iγ 
where N = 1 · · · 8 and P = 1 · · · 10; ǫ abc and S
ABC P
are the totally anti-symmetric tensor and totally symmetric tensor, respectively; N N µ and ∆ P µ are the octet and decuplet baryons belonging to the [(6, 3) ⊕ (3, 6)] chiral multiplet [46] . The matrices D (18) are:
, 10) are listed in Ref. [51] . From this chiral-singlet Lagrangian we obtain five flavorsinglet Lagrangians:
where N, M = 1 · · · 8, P, Q = 1 · · · 10 and c = 1 · · · 8. It seems that it is much more complicated to use flavor-singlet Lagrangians than chiral-singlet ones, because there are much more flavor-singlet Lagrangians. However, it turns out to be that using these flavor-singlet Lagrangians is much simpler, because the only possible matrices to connectBM B are identity matrices (1 1×1 , 1 8×8 and [51] . Summarizing all these flavor-singlet Lagrangians, we obtain six diagonal terms
and two off-diagonal terms
where N, M = 1 · · · 8, P, Q = 1 · · · 10 and c = 1 · · · 8. Some readers may be quite familiar with these Lagrangians because they are similar to the lowest-order meson-baryon χPT Lagrangian in the flavor space. In these equations every flavor-singlet Lagrangian is the summation of several chiral components [51, 52] , for example,
Here we only include flavor-singlet terms containing scalar meson fields σ a , which have nonzeron condensates σ 0,3,8 . We note that the Lagrangians containing π a can also contribute, and their contributions can be calculated using many methods, such as the chiral perturbation theory [3, 4, 55, 56, 57, 58, 59, 60, 61, 62, 63] . However, they are beyond the scope of this paper, and we shall omit their contributions.
In this paper we only consider the mixing of flavor-octet and flavor-decuplet baryons, and so Eqs. (7) and (13) are irrelevant. Moreover, we assume all the decuplet baryons have the same mass m ∆ = 2 GeV, and so we only need Eqs. (8), (9), (10), (11) and (14) . This is because that the lowest ∆ baryon having quantum numbers
+ is ∆(1910) [50] ; besides it, there can be other decuplet baryons having the same quantum numbers J P = 1 2 + but having larger masses, which can also mix with the lowest-lying flavor-octet baryons. The dependence of our results on m ∆ will be studied in Sec. 4.6.
Mass Formulae

Flavor-Octet Baryons
Using Lagrangians (8) , (9) and (10) we can investigate the SU (3) flavor symmetry breaking effects through the terms containing nonzero condensate σ 8 , and the SU (2) isospin symmetry breaking effects through the terms containing nonzero condensate σ 3 . Their explicit forms after the spontaneous chiral symmetry breaking are
where
We note that Σ 0 and Λ 0 can mix with each other when g 3 σ 3 = 0.
Mixing of Flavor-Octet and Flavor-Decuplet Baryons
Using the Lagrangian (14) we can investigate the isospin symmetry breaking effects through mixing terms containing nonzero condensates σ 3 and σ 8 . Its explicit form after the spontaneous chiral symmetry breaking is
We find that the effects of terms containing σ 3 and σ 8 have some overlaps: the former is used to decrease Σ and Ξ masses, while the latter is used to decrease the masses of p + , n 0 , Σ + , Σ − , Ξ 0 and Ξ − .
Other Contributions
Besides the spontaneous chiral symmetry breaking terms listed in previous subsections, octet baryon masses are contributed by two other sources:
1. The "bare" mass term m bareN N N N . Numerically it is equivalent to the spontaneous chiral symmetry breaking term g 2 σ 0 N N N N . We write them together as m 0N N N N . It conserves the SU (3) flavor symmetry. 2. The electromagnetic terms, which break the isospin symmetry. We can not calculate these terms directly, but just use two simple schemes to evaluate them. They both contain only one free parameter, which will be used to do fitting in Sec. 4. The first scheme, "Scheme A", simply assumes masses of charged and unchanged baryons are different, for examples, EM These two assumptions are listed in Tab. 1. We note that the Scheme A considers baryons as a whole, while the Scheme B considers baryons as three-quark objects. They both satisfy the well-known Coleman-Glashow mass formula
3. We note that the decuplet baryon masses are all assumed to be m ∆ = 2 GeV.
Flavor-Octet Baryon Mass Formulae
Summarizing all the possible terms we arrive at the formulae to calculate octet baryon masses. There are diagonal and off-diagonal terms. Table 1 . The electromagnetic terms under the two assumptions, the Scheme A and the Scheme B. They both contain only one free parameter, which will be used to do fitting in Sec. 4.
EMB
The diagonal terms are:
We can easily verify that these diagonal hadronic parts satisfy the well-known Gell-Mann-Okubo mass formula
The off-diagonal terms are:
We use m ∆ to denote the decuplet baryon masses, which are all assumed to be 2 GeV:
Summarizing all these diagonal and off-diagonal terms, we arrive at the following mass formulae:
In these equations there are altogether nine parameters:
and so there are altogether seven free parameters. Moreover, in Sec. 4.6 we shall find that we can always achieve a good fitting no matter which value of m ∆ is chosen, and so there are only six free parameters involved in the mass fitting. In the next section we shall use these equations to fit the eight lowest-lying flavor-octet baryon masses whose measurements are very accurate nowadays [50] : 
Numerical Analyses
In this section we perform numerical analyses and fit the eight lowest-lying flavor-octet baryon masses using the equations obtained in the previous section. To do the fitting, we use the following variance equation:
constrained by
where M phy N are the experimental values of the eight lowest-lying flavor-octet baryon masses, and M N are our fitted masses calculated using Eqs. (23)- (29) .
Our fitting is separated into four steps. The first step will be done in Sec. 4.1 where we only consider the SU (3) flavor symmetry breaking, and m 0 , D and F are assumed to be nonzero; the second step will be done in Sec. 4.2 where we do not consider the contributions of electromagnetic effects and decuplet baryons, and m 0 , D, F , d and f are assumed to be nonzero; the third step will be done in Sec. 4.3 where the contributions of electromagnetic effects are included while the contributions of decuplet baryons are not included; the fourth step will be done in Sec. 4.4 where the contributions of decuplet baryons are included while the contributions of electromagnetic effects are not included; the fifth step will be done in Sec. 4.5 where all the nine parameters are assumed to be nonzero. In Sec. 4.6 we shall discuss the dependence of our fittings on the decuplet baryon mass m ∆ . In Appendix. A we shall further discuss the contributions of the current quark masses m u,d,s .
Step 1: m 0 , D and F
In this subsection we only consider the SU (3) flavor symmetry breaking, and m 0 , D and F are assumed to be nonzero. In this case there are three free parameters involved. To do the fitting we use the following variance equation:
constrained by Table. 2. In this step the difference between every fitted mass and its experimental value is less than 5. Step 1: m0, D and F are assumed to be nonzero.
Step In this subsection we do not consider the contributions of electromagnetic effects and decuplet baryons, and m 0 , D, F , d and f are assumed to be nonzero. There is one constraint among them and so there are four free parameters. To do the fitting we use the following variance equation:
The results are shown in Step 2: m0, D, F , d and f are assumed to be nonzero.
Step In this subsection we include the contributions of electromagnetic effects, and m 0 , D, F , d, f and EM A (EM B ) are assumed to be nonzero. There is one constraint among them and so there are five free parameters. To do the fitting we use the following variance equation:
The results are shown in Table. 4. We find that both the Scheme A and the Scheme B lead to similar results having var 3 = 2.55, and in both schemes the difference between every fitted mass and its experimental value is less than 5. Step 3: m0, D, F , d, f and EMA (EMB) are assumed to be nonzero.
Step 3, Scheme A, var3 = 2.55
Step 3 
In this step the two electromagnetic parameters EM A and EM B are both negative, producing an electromagnetic mass difference between the proton and the neutron, M γ p−n ≡ EM p + − EM n 0 < 0. This is not consistent with almost all theoretical calculations [2, 7, 3, 23, 27, 24, 26, 25] , suggesting that this fitting is not well done. 
The results are shown in Table. 5, where var 4 = 0.44. This is significantly smaller than var 1 and var 2 . In this step the difference between every fitted mass and its experimental value is less than 0. Step 4: m0, D, F , d, f , m∆, MN∆ and mN∆ are assumed to be nonzero.
Step 
In this subsection we include all the nine parameters,
, and assume that they are nonzero. There are two constraints among them and so there are seven free parameters (including m ∆ ).
To do the fitting we fix m ∆ = 2 GeV and use the following variance equation:
The results are shown in Table. 6. When using the Scheme A, we obtain var 5 = 0.06, and in this case the difference between every fitted mass and its experimental value is less than 0.11 MeV, i.e., |M N −M phy N | < 0.11 MeV. When using the Scheme B, we obtain var 5 = 0.10, and in this case the difference between every fitted mass and its experimental value is less than 0.16 MeV, i.e., |M N − M phy N | < 0.16 MeV. Hence, the Scheme A seems slightly better than the Scheme B.
We can solve the eigenvectors of Eqs. (23), (25) and (28) and estimate the decuplet components contained in the N , Σ and Ξ baryons, which are around 5 × 10 −6 , 2.4% and 3.4%, respectively, using both schemes. We can also estimate the Σ 0 − Λ 0 mixing [67, 68, 69, 70, 71] , which is at the level of 10 −4 : Step 5: all the nine parameters are assumed to be nonzero.
Step 5, Scheme A, var5 = 0.06
Step 5 The two assumptions to calculate electromagnetic terms, the Scheme A and the Scheme B, give different M γ p−n ≡ EM p + − EM n 0 . This suggests that to well separate hadronic and electromagnetic effects, one needs more reasonable (reliable) calculations. The Scheme A produces M MeV. These results are not consistent with Ref. [2] . Again the Scheme A seems to be better than the Scheme B.
Dependence on the decuplet baryon mass m ∆
In this subsection we study the dependence of our results on the decuplet baryon mass m ∆ . We change m ∆ from 1350 MeV to 2500 MeV. To do the fitting we use the following variance equation:
and m ∆ changing from 1800 MeV to 2500 MeV .
We show var 6 and Max|M N − M phy N | (the maximum difference between every fitted mass and its experimental value) as functions of m ∆ in Fig. 1 . We clearly see that we can always achieve a good fitting no matter which value of m ∆ is chosen. Hence, we have proved that there are only six free parameters involved in our fittings. However, the mixing parameters M N ∆ and m N ∆ do depend on m ∆ , and so the decuplet components contained in the Σ and Ξ baryons also depend on m ∆ . We show them in Fig. 2 .
Here we would like to note again that the Lagrangians containing π a can also contribute, as discussed in Sec. 2. In this subsection we have found that we can use m ∆ as small as 1500 MeV to achieve a good fitting, which value is smaller than the total masses of the J P = 0 − pseudoscalar mesons π and the J P = (3/2) + decuplet baryons Σ(1385) and Ξ(1530). This may suggest that the contributions of the J P = (1/2) + decuplet baryons, which are investigated in this paper, may be equivalently estimated using the Lagrangians containing these J P = 0 − pseudoscalar mesons and J P = (3/2) + decuplet baryons. However, these are beyond the scope of this paper, and so we did not investigate them.
Summary
We studied the isospin symmetry breaking and mass splittings of the lowest-lying flavor-octet baryons. We included three kinds of baryon mass terms: the bare mass term, the electromagnetic terms and the spontaneous chiral symmetry breaking terms. Particulary, we included the mixing term between flavor-octet and flavor-decuplet baryons. This assumes that the lowest-lying Σ and Ξ baryons contain a few decuplet components and so are not purely flavor-octet. Summarizing all these terms, we obtained the formulae to calculate octet baryon masses, and we used them to fit the eight lowest-lying flavor-octet baryon masses whose measurements are very accurate nowadays.
Our fittings was separated into five steps. We summarize all the results and show them in Fig. 3 . In the last step we included all the nine parameters,
. There are two constraints among these parameters, and so there are seven free parameters (including m ∆ ). After fixing m ∆ = 2 GeV, we obtain the results: when using the Scheme A, the difference between every fitted mass and its experimental value is less than 0.11 MeV, i.e., |M N − M phy N | < 0.11 MeV; when using the Scheme B, this value is less than 0.16 MeV, i.e., |M N − M phy N | < 0.16 MeV. Moreover, we have shown that a good fitting can be always achieved no matter which value of m ∆ is chosen, and so there are six free parameters involved in the mass fitting.
We estimated the decuplet components contained in the Σ and Ξ baryons, which are around 2.4% and 3.4%, respectively, when using m ∆ = 2 GeV. We also estimated the Σ 0 − Λ 0 mixing, which is at the level of 10 −4 . To end this paper we would like to note again that the flavor-singlet and flavor-octet baryons can also mix through their common [(3, 3) ⊕ (3,3)] chiral components. We have studied this mixing and the results are still in preparations [54] . 
A The Quark Mass Terms
In this appendix we discuss the quark mass terms, m u , m d and m s . We shall prove that they are numerically equivalent to the spontaneous chiral symmetry breaking terms g 2 σ 0 N N N N and g 4 σ 3,8 (F 3,8 (8) ) N MN N N M , i.e., m u,d,s and m 0 , F , f are numerically equivalent. In the following we show how to relate these six parameters.
Assuming the flavor-octet baryon masses come from the following quark mass terms: 
these equations are changed to 
